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Abstract. In this paper, we describe s-logarithmically convex functions in 
the first and second sense which are connected with the ordinary logatihmic 
convex and s-convex in the first and second sense. Afterwards, some new 
inequahties related to above new definitions are given. 



1. Intoruction 

In this section we will present definitions and some results used in this paper. 
In what follows, / will be used to denote an interval of real numbers. 

Definition 1. Let I be an interval in M. Then / : / — > M, (d ^ I CM. is said to be 
convex if 

(1.1) / {tx +{l-t)y)< tf {x) + {l-t)f {y) . 

for all x,y ^ I and t £ [0, 1] . 

The following concept was introduced by Ozlicz in the paper [2] and was used 
in the theory of Ozlicz spaces: 

Definition 2. ^ LetO < s <1. A function / : M+ ^ M where M+ := [0, oo) , is 
said to be s-convex in the first sense if 

(1.2) f{au + (3v)<c^'f{n)+fi'f{v) 

for all u,v E and a, /3 > with a* + = 1. It is denoted this by f E . 

In the paper [4], H. Hudzik and L. Maligranda considered, among others, the 
following class of functions: 

Definition 3. A function f : M-|_ — )• M is said to be s-convex in the second sense 

(1.3) fiau + /3v)<a'fiu)+/3'fiv) 

for all u,v > and a, (3 > with a + f3 — 1 and s fixed in (0, 1]. They denoted this 
byfe Kl 

It can be easily checked for s = 1 , s-convexity reduces to the ordinary convexity 
of functions defined on [0, cx)). 
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Definition 4. 13 yl function f : I ^ [0, oo) is said to be log-convex or multiplica- 
tively convex if log f is convex, or equivalently, if for all x,y Cz I and t G [0, 1] , one 
has the inequality: 

(1-4) f{tx+{l-t)y)<[f{x)nf{yt-\ 

We note that if / and g are convex functions and g is monotonic nondecreasing, 
then gof is convex. Moreover, since / — exp{\ogf), it follows that a log-convex 
function is convex, but the converse is not true [1.31 p. 7]. This fact is obvious from 
(|1.4p as by the arithmetic-geometric mean inequality, we have 

(1-5) [fix)Uf{y)]'-'<tfix) + il-t)fiy) 

for all x,y £ I and t G [0, 1]. 

If the above inequality (|1.4p is reversed, then / is called logarithmically concave, 
or simply log-concave. Apparently, it would seem that log-concave {log-convex) 
functions would be unremarkable because they are simply related to concave (con- 
vex) functions. But they have some surprising properties. It is well known that 
the product of log-concave (log-convex) functions is also log-concave (log-convex) . 
Moreover, the sum of log-convex functions is also log-convex, and a convergent se- 
quence of log-convex (log-concave) functions has a log-convex (log-concave) limit 
function provided the limit is positive. However, the sum of log-concave functions 
is not necessarily log-concave. Due to their interesting properties, the log-convex 
(log-concave) functions frequently appear in many problems of classical analysis 
and probability theory. 

The next inequality is well known in the literature as the Hermite-Hadamard 
inequality for convex functions 



where /:/—)• M is a convex function on the interval / of real numbers a, 6 G / with 
a <b. 

For some recent results related to this classic result, see the papers and 
the books where further references are given. 

In [7j, S.S. Dragomir and B. Mond proved that the following inequalities of 
Hermite-Hadamard type hold for ^og-convex functions: 

Theorem 1. Let /:/—)• [0, oo) be a log-convex mapping on I and a,b G I with 
a < b. Then one has the inequality: 

(1.7) f(A(a,bj)<-^ f G(f (x) ,f (a + b~ x))dx <G(f (a) ,f (b)) . 



Theorem 2. Let f : L (0, oo) be a log-convex mapping on L and a,b £ L with 
a < b. Then one has the inequality: 

In [/ (x)] dx 



(1.8)/(^) < exp 



1 



b ~ a 



1 /-^ „ . „ _ „ 1 '•^ 



< G(f(x),f(a + b~x))dx<-^ I f(x)dx 

< L(f(a),f(b))<m±m 
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where G{p,q) := ^/pq is the geometric mean and L{p,q) := ^^^^ ^ (p ^ q) is the 
logarithmic mean of the strictly positive real numbers p, q, i.e., 

L {p, q) = -r^ — Y — "if P^l "-^d, L{p, p) = p. 
inp — \nq 

In [12], B.G. Pachpatte proved that the inequalities hold for two /op-convex 
functions: 

(1-9) f f{x)g{x)dx < [/ (a) + / (6)] L (/ (a) , / (5)) 

+ [gia)+gib)]L{g{a),g{b)) 

Recently, In [3 , the concept of geometrically and m- and (a, m)-logarithniically 
convex functions was introduced as follows. 

Definition 5. A function f : [0, b] — (0, oo) is said to be m-logarithmically convex 
if the inequality 

(1.10) / {tx + m (1 - t) y) < [f {x)]' [f (y)]"(^-*) 

holds for all x,y e [0, b], me (0, 1], and t e [0, 1]. 

Obviously, if putting m = 1 in Definition [5l then / is just the ordinary logarith- 
mically convex function on [0, 6]. 

Definition 6. A function f : [0,5] — (0, oo) is said to be {a, m) -logarithmically 
convex if 

(1.11) / (te + m (1 - t) y) < [f {x)f [f {yT^'-*"^ 
holds for all x,y £ [0, b], (a, m) e (0, 1] x (0, 1] , and t £ [0, 1]. 

Clearly, when taking a = 1 in Definition [6l then / becomes the standard m- 
logarithmically convex function on [0, &]. 

The main purpose of this paper is to introduce the concepts of s-logarithmically 
convex in the first and second sense and to establish some inequalities of Hadamard 
type for s-logarithmically convex functions. 

2. Definitions of s-logarithmically convex functions 

Now it is time to introduce two new classes of functions which will be called 
s-logarithmically convex in the first and second sense. 

Definition 7. A function / : / C Mq — ^ ^+ is said to be s-logarithmically convex 
in the first sense if 

(2.1) f{ax + (3y)<[f{x)f[f{y)f 
for some s £ (0, 1], where x,y £ I and a* -|- = 1. 

Definition 8. A function / : / C Kq — > M+ is said to be s-logarithmically convex 
in the second sense if 

(2.2) f{tx + {l-t)y)<[f{x)f[f{y)f-''>' 

for some s £ (0, 1], where x,y £ I and t G [0, 1]. 

Clearly, when taking s = 1 in Definition 12.11 or Definition 12. 2[ then / becomes 
the standard logarithmically convex function on /. If the above inequalities (|2.1|) 
and ()2.2|) are reversed, then / is called s-logarithmically concave in the first and 
second sense, respctively. 
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3. On some INEQUALITIES FOR S-LOGARITHMICALLY CONVEX FUNCTION IN THE 

FIRST SENSE 

Theorem 3. Let f : I (Z Rq ^ R-|_ be a s -logarithmically convex mapping in the 
first sense and monotonic nondecreasing on I with s € (0, 1] . If a,b I with a < b, 
then the following inequality holds: 

(3.1) f(^^^<-^l'G(f(:,)j^a + b~x))dx 

where G{p, q) :— ^Jpq is geometric mean of the strictly positive real numbers p, q. 

Proof. If we choose in the definition of s-logarithmically convex mapping in the 
first sense a ~ B — we have that + B"^ = 1 and then for all x.y £ I 

/(^) <G{f{x),fiy)). 
If we choose x = ta + {1 — t) b, y = tb + (1 — t) a, t E [0, 1] , we obtain 
/ < G if {ta +{l-t)b)J [tb +{l-t) a)) . 

By integrating over t on [0, 1] in the above inequality. The proof is completed. □ 

Theorem 4. Let f : I d M.o ^ M+ be a s-logarithmically convex mapping in the 
first sense and monotonic nondecreasing on I with s £ (0, 1] . If a,b € I with a < b, 
and ^ + 1 = 1 with p < or q < 0, then the following inequality holds: 

(3.2) 

(i + (/ [f{ta+il-t^)h){l-tni^'t'-'' 

< [/(«)][/(&)] 

Proof. If we choose in the Definition [7] a = /3 = {1 — f^)^ , t £ [0, 1] , we have 
that a" + /B" = 1 for all t £ [0, 1] and 

(3.3) / {ta + (1 - t^)^ b) < [f {a)f [f {b)f~''^ 
for all t £ [0, 1] , and similarly 

(3.4) / ((1 - t^)i a + tb)< [f ia)f-*'^ [f {b)f 

for all t £ [0, 1] . 

If we multiply the above two inequalities, we have that 

/ {ta + (1 - t^y 6) / ((1 - t'P a + tb^< [f (a)] [/ (6)] 

for all t £ [0, 1] . If we integrate this inequality over t on [0, 1], we get that 

f{ta+{l-t^)h)f{il-t'ya + tb)dt<[f{a)][fib)]. 
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Using Holder inequality, we have 







f {ta+ {l-t'y b 



dt 



f {{l-t''y a + tb 



dt 



(3.5) < J f [ta + (l - t')^ bj f ({I - t')~ a + tbj dt 

Let us denote u = (1 - t'')^ , t G [0, 1] . Thent (1 - u")^ anddt = - (1 - u")^^^ u^^'^du, 
u G (0, 1] and then we have the change of variable 



f ({l-t")' a + tb) dt 



f {ua+il-u")^ b] (1 - = 



/ (ta + (1 - t'y 6) (1 - i")*"^ t'-^dt. 



p 



dt 



Using the inequality p.Sp , we get that 

I' [f {ta+{l-t')ib 

< [/(«)][/(&)] 
and the proof is completed. 



f {ta+{l-t')- b) {l-t')~^U 



dt 



□ 



4. On some INEQUALITIES FOR S-LOGARITHMICALLY CONVEX FUNCTION IN THE 

SECOND SENSE 

Theorem 5. Let / : / C Mo M+ be a s -logarithmically convex mapping in the 
second sense on I with s G (0, 1] . //a, & G / with a < b, then the following inequality 
holds: 



(4.1) 



— f f{x)dx< f\f {a)f [f {b)f''^' dt. 



b — a 



for all t G [0, 1] . 

Proof. Since / is s-logarithmically convex mapping in the second sense, we have, 
for ah i G [0, 1] 

f^ta+{l-t)b)<[fia)f [f{b)f-'^' 
Integrating this inequality over t on [0, 1] , we get 

/ {ta +{l-t) h) dt < C [/ {a)f [/ {b)f-''^' dt. 



10 Jo 
As the change of variable x — ta + {1 — t) b gives us that 



/ {ta +{l-t) b) dt 



1 



b — a 



f (x) dx, 



The proof is completed. 



□ 
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Theorem 6. Under the assumptions of Theorem\^ the following inequality holds: 

(4.2) / f{x)dx<K{s,k{^l)) 

where 

fi{u,v)^[f (a)]"[/ {b)r\u,v>0, 
'^^^^{4 ^^^^ 

and 

K {s, k = [f {b)r k [^Ji [s, s)) , / (a) , / (6) < 1. 



Proof. Since / is s-logarithmically convex mapping in the second sense, we have, 
for all t e [0, 1] 

f{ta+{l-t)b)<[f{a)f [f{b)f-'~>' 
Integrating this inequality over t on [0,1] , we get 

/ {ta +{\-t) b) dt < f [/ {a)f [/ {b)f-'^' dt. 

^0 

If < p < 1, < i,s < 1, then 

(4.3) / < 
When / (a) , / (6) < 1, by gj]), we get that 

(4.4) f\f{a)f[fib)f-'^'dt < [\f{a)f[fib)f'-'Ut 
Jo Jo 

= [f{b)r J\fia)r[f{b)r'dt 

= [f{b)rki^,is,s)). 

As the change of variable x = ta + (1 — t) b gives us that 

1 



(4.5) / f{ta+{l-t)b)dt=^— j f{x)dx, 







from gH) to (1431), 63) holds. □ 



Theorem 7. Let /, 5 : / C Mq — > M+ be a s-logarithmically convex mappings in 
the second sense on I with s g (0, 1] . // a, 6 € / with a < b, then the following 
inequality holds: 

(4.6) [ f{x)gix)dx<Kis,kirj)) 

where 

V{u,v) = [fia)g{a)r[fib)g{b)r ,u,v>0, 

and 

K (s, k (rj)) = [/ (b) g {b)r k [rj (s, s)) , f (a) g (a) , f (b) g (6) < 1. 
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Proof. Since /, g are s-logarithmically convex mappings in the second sense, we 
have, for all t e [0, 1] 

/ {ta +{l-t)b)< [f {a)f [f ib)f-'^' and g {ta +{l~t)b)< [g ia)f [g ib)f-'^' 
from which it follows that 

(4.7) / f{x)g{x)dx ^ (b - a) [ f {ta + {I - t)b) g (ta + {I - t)b) dt 

J a Jo 

< {b~a) f\f{a)g{a)f[f{b)g{b)f-'^'dt 
Jo 

When fg (a) , fg (b) < 1, by gS]), we get that 

(4.8/' [/ (a) g {a)f [/ {b) g {b)f~'^' dt < f [/ (a) g {a)f [/ [b) g {b)f''''^ dt 
Jo Jo 

= [fib)g{b)rkir^{s,s)). 
from dmi) to (gH), (|Ml) holds. □ 

Corollary 1. Let /, g : / C Kg ~^ be a log-convex mappings on I. If a,b (z I 

with a < b, then the following inequality holds: 

f f{x)g{x)dx<L{f{a)g{a), f [b) g {b)) 

b~ a 

where L(p,q) := Jj^^^ {p ^ q) is the logarithmic mean of the positive real num- 
bers. 

Proof. We take s = 1 in (14. 6p . we get the required result. □ 



Theorem 8. Let f,g,a,b be as in Theorem^ and > with a + /3 = l.Then 
the following inequality holds: 

(4.9) [ f{x)g{x)dx<K{s,a,l3-k{<^),k{l)) 

where 

u {u, v) = [/ (a)]" [/ {b)r , and t [u, v) = [g (a)]" [5 (b)]-' , u,v>0, 

fc (^) = ( i'l , (^) = ( ih ^T}\ 

I kTU' ^ ^ 1' I hTF' ^ ^ 1' 

and 

K{s,a,P]k{uj),k{t}) 
= a[f (6)] ^ fc (1 1) ) + /3 [5 (6)] t fc (^^ (^1 , 1^ ^ , / (a) , g (a) , / (&) , 5 (6) < 1. 
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Proof. Since /, g are s-logarithmically convex mappings in the second sense, we 

have, for aU t £ [0, 1] 

(4.10) 

/ (to + (1 - t) &) < [/ ia)f if ib)f-'^' and g {ta +{l-t)b)< [g ia)f [g ib)f-'^' 
from which it foUows that 



(4.11) 



b pi 

f (x) g (x) dx = [b-a) f (ta + (1 - t) b) g {ta + (1 - t) b) dt 
Jo 



Using the weh known inequahty mn < am « + /3n , (j4.10p , on the right side of 
(|4.1ip . we have 



1 



f{x)g{x)dx < [ \a[f{ta+{l-t)b)]i+l3[g{ta+{l-t)b)]Hdt 
b- a .In Jo J 



r-1 



[/(«)]' [/(&)] 



(i-ty 



[5(a)]* [9{b) 



(i-ty 



« / [/ (a)] ° [/ ib)] ^dt + (3 [g (a)] ^ [5 (5)] ^ dt 
Jo 



When f{a),g (a) , f (b) , g (b) < 1, by (g^]), we get that 

« / [/ (a)] ° [/ m ^dt < a f\f (a)] ^ [f (b)] 
10 Jo 



dt 



= a[/(6)]^fc(a.(^,^)). 

13 ['[9 {a)] ^ [5 (&)] ^dt < (3 f\g (a)] f [g (6)] 
■/o Jo 



(4.12) 

From (pHI) to gUJ, (gH) holds. 



/3[.g(&)]^A:^ 



□ 



Corollary 2. Lei /, 5 : / C Mo ^ be a log-convex mappings on I. If a, b £ I 

with a < b, then the following inequality holds: 

1^1' f (^) 9i^)dx<axL (if ia)]i , [/ (6)]^) + P x L {[g (a)]^ , [g (b)]^) 

where L(p,q) := j„ Jll^^ ^ (p 7^ <z) *s t/ie logarithmic mean of the positive real num- 
bers. 



Proof. We take s = 1 in (|4.9p . we get the required result. 



□ 



Theorem 9. Let f,g,a,b be as in Theorem^ and p,q > 1 with ^ + | = ^-Then 
the following inequality holds: 

(4.13) f f (^) 9 {^) dx<K {s,p, q; k{u),k {£)) 
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where ui (u, v), £ (u, v) , k [cu) , k {£) is defined as above and 

K{s,p,q-k{uj),k{£)) 
= [f{b)g{b)nk{ojisp,sp)))^{k{i{sq,sq)))K f {a) ,g {a) , f {b) ,g {b) < 1. 



Proof. Since / and g are positive funtions and using the well known Holder inequal- 
ity on the right side of (|4.1ip . we have 



(4.14) 



1 



b — a 
1 



< 



< 



/ {x) g {x) dx 
[/ (to+ (1 - t) b)fdt 







[g{ta + {l-t) hyfdt 



p{i-tY 



dt 



9{a)r [am 



q{l-tr 



dt 



When < f {a) , g{a) , f {b) , g (b) < 1, by gH), we get that 



1 ^ 



/(«)r [fib) 



[9{a)f'[gib) 



p(i-t)" 



dt < 



■_fia)r' [fib)r^'-'Ut 
f(b)rk{u{sp,sp)). 



dt < 



[9ia)r' [gib) 



dt 



(4.15) 
Therefore, 



= [g{b)r''k{£{sq,sq)). 



6- 



/ (2;) g ix) dx 
< [/ (6) g {b)r ik {UJ {sp, sp)))^ {k (£ {sq, sq)))-^ 
Thus, Theorem |9] is proved. 



□ 



Corollary 3. Let f,g : I d Rq ^ M_|_ be a log-convex mappings on I. If a,b ^ I 
with a < b, then the following inequality holds: 

/' / ix) g (x) dx < (L ([/ ia)r , [/ (6)]^))' (L ([5 , [g 

where L(p,q) :— j^^ll^^^ ip 7^ q) is the logarithmic mean of the positive real num- 
bers. 



Proof We take s = 1 in (|4J3)) . we get the required result. 



□ 



10 ahmet ocak akdemir^ and mevlut tung^ 

References 

[1] J. Hadamard: Etude sur les proprietes des fonctions entieres et en particulier d'une fonction 
consideree par Riemann, J. Math Pures Appl., 58, (1893) 171-215. 

[2] W. Orlicz, A note on modular spaces I, Bull. Acad. Polon Sci. Ser. Math. Astronom. Phys., 
9 (1961), 157-162. 

[3] R.-F. Bai, F. Qi and B.-Y. Xi, and : Hermite-Hadamard type inequalities for the m- and 

(a, m)-logarithmically convex functions. Filomat 27 (2013), 1-7. 
[4] H. Hudzik and L. Maligranda: Some remarks on s-convex functions, Aequationes Math., Vol. 

48 (1994), 100-111. 

[5] M. E. Ozdemir, M. Tung, and A. O. Akdemir: On (h — s)i^2-convex functions and Hadamard- 

type inequalities, http://arxiv.org/abs/1201.6138 (submitted) 
[6] M. Tung: On some new inequalities for convex fonctions, Turk. J. Math. 36 (2012), 245-251. 
[7] Dragomir, S.S. and Mond, B.: Integral inequalities of Hadamard type for log-convex functions, 

Demonstratio Mathematica, 31 (2) (1998), 354-364. 
[8] Dragomir, S.S.: Two functions in connection to Hadamard's inequalities, J. Math. Anal. Appl., 

167 (1992), 49-56. 

[9] Dragomir, S.S.: Some remarks on Hadamard's inequalities for convex functions, Extracta 
Math., 9(2) (1994), 88-94. 
[10] Dragomir, S.S.: Refinements of the Hermite-Hadamard integral inequality for log-convex 

functions, RGMIA Research Report Collection, 3, 4, (2000), 527-533. 
[11] Dragomir, S.S., Pecaric, J.E. and Sandor, J.: A note on the Jensen-Hadamard inequality. 

Anal. Num. Theor. Approx., 19 (1990), 29-34. 
[12] Pachpatte, B.C.: A note on integral inequalities involving two log-convex functions, 

Math.Ineq.&Appl. 7, 4, (2004), 511-515. 
[13] J. E. Pecaric, F. Proschan and Y. L. Tong: Convex Functions, Partial Orderings, and Statis- 
tical Applications, Academic Press Inc., 1992. 
[14] Mitrinovic, D.S., Pecaric, J.E. and Fink, A.M.: Classical and New Inequalities in Analysis, 

Kluwer Academic Publishers, Dordrecht, 1993. 
[15] D. S. Mitrinovic, J. Pecaric and A. M. Fink: Classical and new inequalities in analysis, 

KluwerAcademic, Dordrecht, 1993. 
[16] S. S. Dragomir and C. E. M. Pearce: Selected topics on Hermite-Hadamard in- 
equalities and applications, RGMIA monographs, Victoria University, 2000. [Online: 
://www.staff. vu.edu. au/RGMIA/monographs/hermite-hadamard.html|. 



Department of Mathematics, Faculty of Science and Arts, University of Agri isRAHiM 
Qeqen, 04000, Agri, Turkey 

E-mail address: ^alrnieteLkdemirOagri . edu.tr 

^Department of Mathematics, Faculty of Science and Arts, University of Kilis 7 
Aralik, 79000, Kilis, Turkey 

E-mail address: ^mevluttuncSkilis . edu. tr 



